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electromagnetic showers

Py partides involved Number of charged particles Fo

» e*andy

® |nteractions involved

» bremsstrahlung

Matthews (2005)

» pair production

» /onization losses

Depth X (g/cm?)

Heitler model



e-palr production & bremsstrahlung
clectromagnetic showers
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e-palr production & bremsstrahlung
splitting function
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e-palr production & bremsstrahlung

oNnoton mean free path

PAIR PRODUCTION

photon mean free path:
9/7 of the radiation length
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electromagnetic showers
splitting functions

BREMSSTRAHLUNG
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electromagnetic showers

BREMSSTRAHLUNG SQ(”U)

PAIR PRODUCTION w (U)

electron lose energy by
collision as well...




lonization losses

® clectrons collide with atomic electrons and nuclei of the medium
® these collisions produce energy loss and angular deviations

® n first approximation the collisions can be described with Rutherford scattering
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electron binding energy 3
' ' ' ~10-20 eV :
jonization losses //

® f energetic charged particle

® hit nuclei: they change a bit direction (multiple scattering) & lose a bit of energy
(loremsstrahlung)

® |large hit: inelastic collision (nuclei break up)
® hit electrons: excite atoms or kick electron out (ionization)

® if electron get large kick: delta rays
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lonization losses ‘= (B

® a generalization of Rutherford scattering cross section

do

2
Q1QQ> 9
— = (£2) 4m
dQ collision ( Q2 ’

® with 4-momentum transferred Q2 = —(k — k/)Q — —(p — p/)z

—Q? = 2m, — 2(E1F? — p1pycosf) = 2M? — 2M E

—Q* ~ 2p*(1 — cosf) ~ 2ME’

E' is the kinetic energy transferred
s to the target particle initially at rest



lonization losses

® a generalization of Rutherford scattering cross section
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collision

do
dFE
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lonization losses

® rate of energy loss per unit of column density
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dX collision B A
dE 3
dX collision B
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lonization losses

® rate of energy loss per unit of column density

ak — £Na 2T . -ln Bmaz | _ ﬁQ-
dX collision A mGCQ 62 . Limnin i
Epnin ~ (I) minimum energy transfer to an atomic

electron (ionization)

Frar = MeC B kinematic upper limit for e-e scattering
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lonization losses
Sethe-Bloch formula

® rate of energy loss per unit of column density
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electron energy losses
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lonization losses
Sethe-Bloch formula

PDG Book
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Z of absorber material

photon energy losses
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energy losses for e*
critical energy In arr

db; dE | dE dE - E
dX B dXx collision I dXx brems d_X — Ceoll )\'rad
" . dE dFE
critical energy Is when — - —
dXx collision dx brems
( M V )
Cair = €coll X Arad =~ 2.2———— x 37gcm % ~ 81 MeV
g cim

energy-independent loss per unit of radiation length
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electromagnetic showers

BREMSSTRAHLUNG SQ(”U)

PAIR PRODUCTION w (U)

d
IONIZATION LOSSES ——

llision

photons lose energy by
Compton scattering as well. ..




energy losses fory
Compton scattering
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electromagnetic showers
cascade equations
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electromagnetic showers
cascade eguations

spectra of e* and y as a function of
energy and depth along the shower

bremsstrahlung and pair production
populate the shower with e* and y up
to some equilibrium

collision losses and Compton scattering
cause energy losses deeply affecting
the shower development




electromagnetic showers
cascade eguations

APPROXIMATION A

describe an EM shower
based on bremsstrahlung and pair production
with asymptotic (high energy) scale-invariant

splitting functions

neglect energy losses




electromagnetic showers
cascade eguations

depth

. . X

in units of t = X

radiation length rad
BREMSSTRAHLUNG

"/\/\/\,\Wy

PAIR PRODUCTION
&
Y VWV“<
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electromagnetic showers
cascade eguations

depth \
lrr;cgljiglttizr? ];ength anea(f 2 —(€ = 7)brems
N . (€ — e)brems
Arad - 6)epaJir
f\ angiE = Y 6)epair
+(e — V)brems




electromagnetic showers
cascade eguations

one(F,
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electromagnetic showers
cascade eguations

One(E,t
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electromagnetic showers A =
cascade equations /| ==
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electromagnetic showers
cascade eguations

on~ (F,
nﬁya(t = —(7 = €)epair
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— 00 n’y(E; t) epair

L dv E
+ ) 790(/0)”6 ;’t brems

32



electromagnetic showers
cascade eguations

APPROXIMATION A

one(E,t)
ot _

8”’}’ (Eat) P
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electromagnetic showers

cascade eguations

APPROXIMATION A

re-write the equations using

= ‘/old““”(“) (B0~ e (fﬂ){ Mellin transform of spectra functions
+2/01d—5¢(u)m (§t> -
OB — oy (B, t) fl(S) — / ES n(E) dE
+/Olci—vg0(v)ne (%t) 0
One(s,t 3 3
AL A) els,0) + B() 7y (5.1
On~ (s, 1)

T C'(s) ne(s,t) — oo n~y (s, 1)
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electromagnetic showers o
spectrum weighted moments of splitting functions S

Als) = / dv ()1 — (1 —v)*

N I'(1+s) 6|7 4+ 5s + 12b(2 + s)]
- <§+2b> (F(l—l—s) +7> T 092+ 9)
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1
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electromagnetic showers
cascade equations - matrix formalism

APPROXIMATION A

raﬁ (s,t) | we now have a linear system
ea,; = A(s) ne(s,t) + B(s)n,(s,t)| of differential equations
an')/(sjt) :C(S)ﬁe(syt)_goﬁy(s,t)
ot
initial conditions: n.(E,0) =0(E — Ep) ne(F,0) =0

n~(s,0) = E ne(s,0) =0

photon-initiated cascade OR electron-initiated cascade
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electromagnetic showers
cascade equations - matrix formalism

APPROXIMATION A

raﬁ (s,t) | we now have a linear system
ea,; = A(s) ne(s,t) + B(s) iy (s,t)|  of differential equations
0ﬁ7(8,t) — C(S) fle(S,t) . O'() flfy(S,t)
ot
ﬁe(s t) — ES [(0'0 4+ )\1(8)) €>\1(S)t - (0'0 4+ )\2(8)) 6>\2(s) t}
| A1(s) — Az(s)
; C(s) Eg M)t Aa(s)t
t _ 1S L 2\S
(8 8) = X 05) = M (s) [6 ‘ }
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electromagnetic showers —=—
cascade equations - elementary solutions =

Ve

v Ol
VAN
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el AR K.
N
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e
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3 X K
e =y

APPROXIMATION A

A1 (s)lig)\g (s) [(

Ne(s,t) =

o0+ A1 (5)) O — (09 + Aafs)) 2)]

i (5.8) = C(s) £ [eAl(s)t _ 6/\2(5)15}

)\1 (S) )\2 (S)
Mia(s) = —%(A(s) +og) £ %WA(S) ~o0)? £ AB(5)C(s) sigenvalues
r{h?)(s) = Ols) eigenvectors
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electromagnetic showers
cascade eguations - shower development

APPROXIMATION A

Greisen
1 1 _ 1
A12(s) = —§(A(s) + 09) £ 5\/(14(3) —09)? +4B(s)C(s) A1(s) = Ai(s) = 5(3 —1—3Ins)
T T T T ] B I I IR NN
Lor- Exact - 1 .
_ | - === [s—1- 3log(s)]/2 - g ’)‘2(5)’ > ’)‘1(3)|
0.5_— ] —2.00:
:-rf); - @ —-2.25
< 00 <
i -2.50
—0.5:—
—-2.75
PN S N B R B O S I U BV B

1.6 T I T T 1 T I T T T T l T T T T

independently of initial particle type
spectra reach asymptotic y/e ratio

C
(5) at t~|A2(s)|?

- 00 + )\1,2(8)

then evolves as eMsit

29 maintaining a constant equilibrium ratio ry'(s)

124 Il | 1 1 1 1 | 1 1 1 1 I 1 1 1 1 I I 1 1 1 l 1 1




electromagnetic showers
cascade equations - Mellin Transform

APPROXIMATION A
1

inverse Mellin transforms n(E) = oy ds B~ (s+1) n(s)
m J o
1 So+100 (s41)
— ds E—\° N
21 ” as)

So— 100

this integral cannot be solved analytically but can be solved numerically
or use the saddle point approximation

1 E§
(Bt = = [ prern B

)\1(8)75 d 1
271 C )\1(8) — )\2(8) c 5ot P\Z(S)'
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electromagnetic showers
cascade eguations - saddle point approximation

APPROXIMATION A

n.(E,t) = i / —(s+1) C(s) Ej (8t g
C A1(s) — Az(s)

271

saddle point approximation: separate terms with strong s-dependence

1 1 E() i O(S) A\ ( )t
nfy( 7 ) 271 /C' i) ( E ) )\1(8) — )\2(8) c ds

1 1 C(s) N
E _ 1(s)t+sIn(Eg/FE)
(B 1) 211 E /C A (s ‘ as

41
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electromagnetic showers
cascade eguations - saddle point approximation

APPROXIMATION A

saddle point approximation: separate terms with strong s-dependence

1 1 C
(B = L [ OO i g
o A1(8

T omi B ) — Aa(s)
1 1 / C(s) N
n~(E,t) = ‘ e 1(s)t+sIn(Ep/E)+1/21In s ds
BN =55 F Jo V5 Dals) — halo) \
slowly varying / rapidly varying
value @saddle point find extremum (saddle point)
. o°f 0°f : . i

42 V() = fle+iy) = =5+ e 0 Iintegrand function has a saddle point



electromagnetic showers
cascade eguations - approximate solution

APPROXIMATION A

1 1 C(s) N
n(B.f) = / A1 (s) t+sIn(Fo/E)+1/21ns 7
D =50 F Jo V5Da(s) = halo)
d , 1
E[Al(s)tJrsln(EO/E) +1/2Ins] =0 AN (8)t+In(Ey/FE) + 75 =0

6)\1 (5)t+sIn(Eqg/FE)+1/2Ins

1 E —(s4+1) i
ny(E,t) ~ g(5) (E_()) et (5)
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electromagnetic showers
cascade eguations - approximate solution

APPROXIMATION A

shower age defined by the solution to

Greisen

|
Xy (5)t + In(Eo/E) + 5= = 0 M(s) % Ai(s) = 5 (s — 1~ 3Ins)

S

>~

3t
t+2In =0

vy
U
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electromagnetic showers
cascade eguations - approximate solution

APPROXIMATION A
- 1

A(s) = Ai(s) = 5(5 —1—3lIns)

Eo \ Lo
0.06 I I I I I | I | I I I I I |
il | | | |
(1), = —(s+1) i E, = 10'® eV (Approximation A) ~
Ty (8) (E A1 (3) ¢ [ /N _
n’Y(Evt) ~ g(5) Eq (E()) e (5) 0.05 -~ s=0.7 (t=14.6) S
% i s=1.0 (t=23.7)
o 004 . s=1.4 (t=41.3) ~
o -
~ oos—@Al(S)t —
3t S 0
S ~ T on Eo shower age Lol E
—|— 11 ol o —
0.01 |~ /,;;'x" _
E"/’.‘T' l | 1 | \L\
[ 4 E EO 0.00 10_4
=1 — ) ~n [ =
max E, E
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electromagnetic showers
cascade eguations - shower development

APPROXIMATION A

>\1(S)

spectra solution at equilibrium (t » [A2(s)| )

ne(F,t) = K B~ gAils)t

n~(E,1) = Krgl)(s) E(sHD) ghals)t

® the spectra remain power law for all values of t

ne(E,t) = K E~?

® the only t-independent solution is for s=1 (A2=0)
ny(E,1) = Kr,(yn(s) E—*

spectra do not depend on Cross sections
shower maximum ry =1l ~1.31
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electromagnetic showers
cascade eguations - shower development

Number of charged particl
APPROXIMATION A moer Cargefartces
AL S e S s s e e rowing shower
1.0~ | ; Pl:xact I J J 2 > t<tmax - s<1 - M>0
05— -===[s—1- 3log(s)]/2 _:
© : shower maximum
< 0.0[— NE > = tmax - S = 1 - >\‘I = O
o5 decreasing shower :-0 . fsto - 851 - M<O
N S R R RV B &
0.5 1.0 1.5 2.0 a
S }
® s evolves with the shower as a function of t ne(E,t) = K B~ gh(s)t
n-(E,t) = Kr(s) E~(51D grils)t
® cnergy spectra evolve from harder to softer ' (B0 ) )
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electromagnetic showers APPROXIMATION A
generated by ay or an e

_ 81
® s as local slope of energy spectrain t S~
P P t+21n 2o
® |ocal slope changes with E/Eo &t
: : tls=1] <£) ~ In (@
® s grows monotonically with E/Eo (steeper spectrum) mer\ Eo E

® photon & electron spectra different shapes via 7“%1) (5)

® photons & electrons quickly reach equilibrium
iIndependently of what particle initiated the shower

NoO energy scaling reference
@given t spectra depend also on E/Eo
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electromagnetic showers
cascade eguations

APPROXIMATION B
depth

in units of
radiation length

describe an EM shower
based on bremsstrahlung and pair production

with asymptotic (high energy) scale-invariant

splitting functions

and accounting for collisional energy losses

neglect Compton scattering |
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electromagnetic showers
cascade eguations

ot

8”’}’ (Eat) P

one.(E,t)

—00 n’Y(Eat)
L dv E
+/ _QO(U)ne _7t
0 (Y (%
on(E,t)
ot




electromagnetic showers
cascade eguations - elementary solutions

APPROXIMATION B

spectra solution at equilibrium (t » [A2(s)| )

E
ne(E,t) = K B~ (st gAals)t o D1 (s, —>

€
E
n~(E,t) = Kfrgl)(s) E-GTD Al t o g (3, ?>
. (S E) N (2 B« 0 (S E) N () o<1
‘ 1 B K 1 Z>1
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electromagnetic showers

cascade equations - energy spectra

APPROXIMATION B

spectra solution at equilibrium (t » [A2(s)| )

E
ne(E,t) = K B~ Mt py ( z>

B
’}’L,.Y(Ejt) — Kr,g/l)(S) E_(3+1) eAl(S)t X 91 <S7 ?> 101

109
ENSTL E
E (<) - <1 =
P1 37? ~ \.;\
1 £>1 =
=
1071
E\$ E —
( E) (2) =< 1] =
g1\ s, — ~ C:D
€ E
1 =>1 (=
10~%

no divergence

#electrons well defined 4
52

energy scale

critical energy
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knee on y spectrum

i

I8
.
S \
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softening of spectra
with shower; development .
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electromagnetic showers APPROXIMATION B
generated by ay oran e

101 = T T |

. ' e 9
SOVING | x sy — o5 - ) n(E,t) =0

® approximate solution in figure
t>1

_ € y 3t 0.04 1
S| — ~ i
EO7 t—I—QIH(E()/G) i

0.03 —

specific s-t mapping

® Dyen(E) (1070 eV)

max
€

t[szl] ~ ln <@> = 0.01:

0.00

53
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electromagnetic showers APPROXIMATION B
generated by ay or an e

~

_ [ € 3t

” (E_ot> = 1+ 21n(Ey/e)

specific s-t mapping

® s as global slope of energy spectrain t

® photon & electron spectra similar at all t

t,E;Z;] ~ In (@>
€

® photons & electrons quickly reach equilibrium
iIndependently of what particle initiated the shower

energy scaling provided by collisional loss critical energy
@given t spectra are essentially well defined

UNIVERSALITY
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electromagnetic showers
cascade eguations - shnower development

APPROXIMATION B

Number of charged particles E>¢
>

t<tmax - harder spectra
exponentially increasing normalization

101 - T T |

t - tmax - E_2
brems & epair redistribute
energy but nothing changes

Depth X (g/cm?)

- softer spectra
exponentially decreasing normalization

t > tmax
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electromagnetic showers
age of a shower

® age of a shower related to similarity of all showers to each other @maximum

® @maximum “most” photons & electrons have same shape and relative norm.

e maximum of shower is where derivative of N(t) vanishes s = A\;! <

1 dN(t)
RO & )

e A\ isthe inverse of A1(s)
3t

® in approximation B the age corresponds to

T T 2In(Eq/¢)

® with approximate depth @shower maximum ts=1 ~ In <@>

max
€
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electromagnetic showers
age of a shower

® showers generated by different
primaries but with same age, have
essentially the same spectral shape

® in showers of same age “most” of the
particles have same spectra

e however distributions at higher
energies are different

® at high energy t-evolution of showers
are not uniquely defined by age, but
depends on primary energy
(approximation A)

57
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APPROXIMATION B

@shower maximum

T A L
Approximation B

(s =1)

A L L]

106 1010 1012 1014 1016
: E (eV)
N | |
(s =1) N Approximation B
n i ~ -==E, = 10* eV
C —E, = 10"® eV |
- similar | —-=-Eg = 10 eV _]

- @cutoff |




electromagnetic showers
Greisen profile - average development of EM showers

Emaw
Ne(Epin,t) = / dE n.(FE,t) shower size
Emin
Emin \ " xi(s)t
Ne(Epin,t) =~ K e e < E < E,
E
CUZ t(t) ~ A(s) N (t) L = [+ D 91+ I/ B)] 57 | N0

N (s)t +1n(Ey/Emin) =0
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electromagnetic showers
Greisen profile - average development of EM showers

/ L constrain on the
Al (S)t T IH(EO/ Emm> =0 evolution of the shower
1 3 EO . Greisen
— ] — — t—l—ln :O A(s) = A(s)==(s—1—3Ins
2( s> (Emzn> (s) (5) = 5( )

3t
s(t) =
exact
1D IN current approximation
t = tmaz(s = 1) = tmaes = In (E - )

_J
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electromagnetic showers
Greisen profile - average development of EM showers

dN (t _
( ) — )\(5) N(t) Al(s)z)\l(s):%(s—l—Slns)
dt
3t
) = (B B
dN (t) _ 1 3t |3 3t N (t)
dt 2 [T+ 2tmaa t + 2tmax ) |

=
i

N—"
||

] y _
Npaz €xp |t | 1 — §hf1
i 2 t+ 2tmaz ) )

60 g J




electromagnetic showers
Greisen profile - average development of EM showers

( )

i 3 3t )
N({t)=Npaz exp |t |1 —=1In
I 2 t+ 2t 0x .

N J
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electromagnetic showers
Greisen profile - average development of EM showers

NaGreisen (Fo,t) = 0155 ex [t (1 3 In s)]
Greisen\4~0 \/IH(EQ/Eman) P 9 APPROX]MAT[ON A
Ngreisen(Fo,t) = 031 ex [t (1 3 In 5)] A B
Greisen \4~0> \/IH(EQ/E) p 9 PPROXIMATION
. . e . 1
® this approximate solution is valid for )\1(3) — _(3 —1—-—3In 3)
Ey
® and for tmaz = In (E . ) e < Lmin < Eo
3t estimate the shape of the
® age S = {2t particle spectrum knowing

. the age of the shower



electromagnetic showers

Gaisser-Hilas longtudinal profile

e cmpirical formula describing shower longitudinal profiles

® used to fit observations from fluorescence detection experiments

t — 1o

tma:v _ t()

Ncu(t) = Nmax (

63

exp

> (tma,:c _tO)/A




electromagnetic showers
—eltler moael

e above MeV mostly pair production Number of charged particles Fo
& bremsstrahlung

® radiation length

1 N
= “A4Z(Z + 1)ar? In1832 /3
)\'r'ad A

® maximum shower depth @ E. = 2m,.c?

Matthews (2005)

In(Ey/FE.)
In 2

Depth X (g/cm?)

Xmaa: — XO
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